Kitaev chain model with nearest neighbor interaction U is solved exactly at the symmetry point ∆ = t and chemical potential µ = 0 in open boundary condition. By applying two Jordan-Wigner transformations and a spin-rotation, such a symmetric interacting model is mapped to a noninteracting fermion model, which can be diagonalized exactly. The solutions include topologically non-trivial phase at |U | < t and topologically trivial phase at |U | > t. The two phases are related by dualities. Quantum phase transitions in the model are studied with the help of the exact solution.
Kitaev chain model with nearest neighbor interaction U is solved exactly at the symmetry point ∆ = t and chemical potential µ = 0 in open boundary condition. By applying two Jordan-Wigner transformations and a spin-rotation, such a symmetric interacting model is mapped to a noninteracting fermion model, which can be diagonalized exactly. The solutions include topologically non-trivial phase at |U | < t and topologically trivial phase at |U | > t. The two phases are related by dualities. Quantum phase transitions in the model are studied with the help of the exact solution.
PACS numbers: 71.10.Fd, 71.10.Pm, 74.20.-z As a prototype of one-dimensional (1D) systems possessing Majorana zero modes (MZMs) [1] at two edges, Kitaev chain model [2] has recently attracted a lot of attention [3] [4] [5] . This non-interacting spinless fermion model was initially solved in a ring with periodic boundary condition. Due to the increased interest on the effect of the interaction in MZMs [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the model has been generalized to include nearest neighboring interaction. As examined by Fidkowski and Kitaev [16] , such an interacting term may give rise to a transition from topological to trivial phases in 1D, and the non-interacting classification of fermionic systems [17] [18] [19] may "collapse". The interaction Kitave chain has been studied by many authors [20] [21] [22] [23] , including by using numerical methods [24] [25] [26] [27] [28] [29] [30] [31] . On the other hand, the model does not have an analytic exact solution in the general case. The exact ground states are available in a special set of tuned parameters [32] . However, the parameter space in their solvable model does not include any phase transition point. In this Letter, we shall present an exact solution to the interacting Kitaev chain model at the symmetric point. The solutions include the ground state and all excited states and show phase transitions from topologically non-trivial to trivial phases.
Model: We consider spinless fermions in a chain of length L with open boundary condition. The Hamiltonian of such an interacting Kitaev chain reads
−t c † j c j+1 + h.c. + U (2n j − 1) (2n j+1 − 1)
where c j (c † j ) is fermion annihilation (creation) operator on site j, n j = c † j c j is the fermion occupation number operator, t is the hopping integral, ∆ is the p-wave superconducting pairing potential, µ is the chemical potential controlling the electron density, and U is the nearest neighbor interaction. Without loss of generality, both t and ∆ are chosen to be real and positive. The parameter transformation of µ → −µ can be realized by the particle-hole conjugation c j → (−1) j c † j . Therefore, µ = 0 corresponds to the particle-hole symmetry, which can be characterized by particle-hole conjugation operator Z p 2 defined as follows. 
whereN = j n j is the number of fermions in the system. It is obvious that (Z At U = 0, the model is reduced to the usual noninteracting Kitaev chain model [2] , which can be diagonalized exactly. For interacting cases, U = 0, exact solution is not available in literature so far, except that the ground states have been constructed by Katsura et al. [32] when chemical potential µ is tuned to a particular function of the other parameters (t, ∆, U ). In this Letter, we shall study the interacting Kitaev model at the symmetric point of ∆ = t and µ = 0, and solve the model exactly by giving all the eigenstates. Note that a similar symmetric model has been constructed in the context of Majorana linear chain without analytic solution [33] .
Majorana fermion representation: We shall study the Hamiltonian in Eq. (1) in the Majorana fermion representation. Following Katsura et al. [32] , we split one complex fermion operator into two Majorana fermion operators c j = 
At U = 0, the above Hamiltonian contains both quadratic and quartic terms, and can not be diagonalized straightforwardly.
Mapping to a non-interacting chain:
The Hamiltonian in Eq. (4) can be mapped to a non-interacting model consisting of quadratic terms only, at ∆ = t and µ = 0. The mapping is composed of two Jordan-Wigner transformations [35, 36] and a spin rotation. Firstly, we construct spin operators by the first Jordan-Wigner transformation,
Thus, the Hamiltonian in Eq. (4) can be written in terms of spin operators S −4tS
which is a typical XZ spin chain. Secondly, we rotate all the spins by π 2 around the x-axis using the rotation operator R = e 
Such an XY spin chain has been exactly solved by Lieb, Schultz, and Mattis with the help of Jordan-Wigner transformation [37] . Finally, following Lieb, Schultz, and Mattis, we use the second Jordan-Wigner transformation,
to transform the XY chain model in Eq. (7) to a quadratic fermion Hamiltonian, which is given by
where
can be written in terms of the original Majorana fermion operators λ 1,2 j explictly,
and
With the help of Eqs. (10), one is able to show thatλ [34] .
Thus, when ∆ = t and µ = 0, the interacting fermion model given in Eq. (4) with arbitary U can be mapped to the non-interacting fermion model in Eq. (9) through the unitary transformation given in Eq. (10) . This is the central result in this Letter. Note that Gangadharaiah et al. [6] also pointed out that the interacting fermion model can be reduced to a free gapless fermion gas at the critical point U = ∆ = t and µ = 0.
Exact diagonalization: The quadratic form of the Hamiltonian can be exactly diagonalized by singular value decomposition (SVD) as follows. The nonsymmetric matrix B given in Eq. (9) can be written in the SVD form B = U ΛV T [32] , where Λ is a non-negative diagonal matrix whose diagonal elements Λ k give rise to the singular values of B. U and V are real orthogonal matrices and transform the Majorana fermion operators asλ 
are complex fermion operators. Thus the energy spectrum is given by Λ k , and reads
where each k-value gives rise to a single particle eigenstate in the rotated (λ) representation which will be called "k-mode". The values of k and corresponding eigenstates can be determined similar to the noninteracting case [31] (See Supplementary Materials for details). The spectrum Λ k is gapful except at two quantum critical points U = ±t. There always exist (L − 1) real solutions and a single complex solution to k. When |U | > t, the complex solution k = k I 0 will give rise to corresponding singular value Λ k I 0 , which is separated from the bulk energy continuum and has the asymptotic form at large L as follows,
When |U | < t, the complex solution k = k II 0 will give rise to corresponding singular value
Ground states: In a finite system, the ground state |0 is non-degenerate and the energy spectrum is gapped except U = ±t. However, in the thermodynamic limit
Thus, the first excited state |1 = c † k0 |0 is degenerate with the ground state |0 in the thermodynamic limit.
With the help of spin XZ model given in Eq. (6), where long range spin correlation exists along S x or S z direction [38] , one is able to compute the long range density correlation, ρ ij = (2n i − 1)(2n j − 1) , in the bulk as follows,
On the other hand, we have 0|n j |0 = 1|n j |1 = 1 2 . Therefore, the number fluctuation ∆N can be estimated for eigenstates |0 and |1 : when U < −t,
There are three different parameter regions for the symmetric interacting Kitaev chain model, U < −t, −t < U < t, and U > t. (i) When U < −t, the ground state is a Shrödinger-cat-like (CAT) state, which is a superposition of two trivial superconductor states with different occupation numbers, N /L ∼ (1± 1 − (t/U ) 2 )/2. [40] (ii) When −t < U < t, the ground state is a topological superconductor (TSC) state. (iii) When U > t, the ground state is a charge density wave (CDW) state.
For a finite system, the first excited state |1 can be distinguished from the ground state |0 by the fermion number parity Z f 2 and the particle-hole conjugation Z 
With the help of the exact solution, one is able to show that (1) when |U | < t, 1|Z Duality symmetries: There exist interesting dual relations between |U | > t and |U | < t phases when ∆ = t and µ = 0, which impose quantum critical points at U = ±t. Such dualities can be seen clearly by rewriting Eq. (9) as follows,
For U > 0, by interchanging the Majorana fermion operators in Eq. (16)
Hamiltonian H has the same form with parameters changes as
Thus the duality between TSC and CDW phases has been established and U = t must be the phase transition point separating these two phases. For U < 0, by interchanging the Majorana fermion operators as follows,λ Eqs. (18) set up the duality between TSC and CAT phases, and U = −t must be the critical point separating these two phases.
It is interesting that the fermion number parity Z f 2 and the particle-hole conjugation Z p 2 will interchange to each other under the duality transformations. In order to see this, we rewrite Z f 2 and Z p 2 in terms ofλ
Therefore, we have the dual relation,
It is noted that the fermion number parity in the rotated representationZ
Phase transitions: The exact solution to the Hamiltonian H also allows us to explore the quantum phase transition between neighboring phases. The bulk spin correlation functions for the XY spin chain have been evaluated by McCoy [38] as well as Capel and Perk [39] . In a previous paper, we proposed to use an edge correlation function to characterize the phase transition between TSC and SC phase [31] , which is defined as follows,
In the rotated representation, it reads
The detailed calculations for G 1L can be found in the supplementary material. For a generic ground state in the thermodynamic limit, the edge correlation function behaves as follows,
The edge correlation function G 1L is finite only in the TSC state in the thermodynamic limit. Around the quantum phase transition points U = ±t,
with critical exponent z = 1, which is the same as that for TSC to SC transition.
In summary, we study in this Letter interacting Kitaev chains with open boundary condition and ∆ = t and µ = 0. Exact solution has been obtained in the sense that all the eigenvalues and corresponding eigenstates are provided. We find three different ground states which are used to define phases, a Shrödinger-cat-like state for U < −t, a topological superconductor state for −t < U < t, and a charge density wave state for U > t. Duality symmetries between CAT and TSC and between TSC and CDW are found. Quantum phase transitions between neighboring phases are described by the edge correlation function, and critical exponent is given as z = 1. Besides the ground state properties discussed in this Letter, dynamics, thermodynamics and spectral function can be studied through the exact solution too. The interaction effect in the TSC phase can be observed by tunneling conductance dI/dV ∝ ρ(1, ω) at edge. The edge density of states ρ(1, ω) is of the form Note added. After our paper was posted on arXiv, we received a note from Katsura, in which it was implied that the interacting fermion model can be reduced to a non-interacting fermion model at symmetric point [41] . 
So the Majorana fermion operatorλ = 2δ ab δ jl . We first consider the two same Majorana fermion operatorsλ a j at the same sites. Without loss of generality, we considerλ 1 j with odd j's at first,
For (λ a l ) 2 = 1, we have
Thereforeλ 1 jλ 1 j = 1 when j is odd. With the same procedure, we can show thatλ 1 jλ 1 j = 1 when j is even and λ 2 jλ 2 j = 1. Then we consider the two Majorana fermion operators with the same index a and at different sites j and l. Without loss of generality, we considerλ 1 j with odd j and j < l. When l is odd, we havẽ
When l is even, we havẽ
By considering even j's andλ 2 j , we have λa j ,λ 1 l = 0 for j = l. Finally we consider the two Majorana fermion operators with opposite indices a = 1 and a = 2. Without loss of generality, we begin withλ 1 j when j is odd and j ≤ l. When l is odd, we havẽ
Hence we obtain λ1 j ,λ 
where in the second line we use the first Jordan-Wigner transformation to write the fermion operators n j in terms of spin operators S z j + 1 2 . In the third line we adopt the rotation R to transform S z j into −S y j . In the fourth line we recall the identity exp (iθ n · σ) = I cos θ + i n · σ sin θ. In the last line we use the second Jordan-Wigner transformation to transformation the spin operatorsS y j to Majorana fermion operators in rotated representation. Using the following relation
we obtain the Z f 2 symmetry operator in the rotated representation
For Z p 2 symmetry operator we have
where we use the Majorana fermion representation. With the help of Jordan-Wigner transformation, we have the relation
Using the following relation
we derive the identity
Thus we obtain the Z p 2 symmetry operator after first Jordan-Wigner transformation
With the same procedure, we obtain the Z p 2 symmetry operator in the rotated representation after rotation R and the second Jordan-Wigner transformation
EDGE CORRELATION FUNCTION G1L
We calculate the edge correlation function G 1L for the Hamiltonian H. In the rotated representation, the edge correlation function G 1L can be written as 
Using the anticommutation relations of fermion operators, we have
The edge correlation function becomes
We use the Wick theorem to evaluate this expectation value. All kinds of the contractions consist of
and λ 2
Since λ1 terms contribute to G 1L . We have
and p is the sign associated with a given permutation. The edge correlation function G 1L is given by the cofactor of det C,
Since the matrix C is orthogonal
we have det C = ±1. The actual sign is determined as follows
Since we have
the determinant reads
As Λ k > 0 for all k, we obtain
For the present case,
we have det C = [sgn(U )] L/2 . Thus the edge correlation function is
We note that only the second kind of modes contribute to this correlation function. For |U | < t, the edge correlation function is given by
For |U | > t, the edge correlation function is given by
The edge correlation function in the topological degenerate state |1 =c † k II 0 |0 can be calculated in the similar manner and is given by
To make connection with experiment, we calculate the spectral function ρ (1, ω) , i.e. the local single-particle density of states at edges in topological superconductor phase. To be simple, we only consider the local singleparticle density of states at the edge site j = 1. The spectral function ρ (1, ω) dictates the dI/dV signal in transport measurements or STM tunneling, which is defined as follows
where Im takes the imaginary part, ω is the frequency, η is the positive infinitesimal and G r is the retarded Green's function given by
Here we take the average · · · with respect to the ground state |0 . In terms of Majorana fermions,
and other terms vanish. Here the Wick theorem is applicable since the Hamiltonian is bilinear in the rotated representation. It is straightforward to see that
Similiar calculation shows that
(63) By the Fourier transformation and taking the imaginary part, we finally obtain
(64) In the TSC phase with |U | < t, the energy spectra contains a zero mode k II 0 and gapped continuum with energy gap ∆ g = t − |U | in the thermodynamic limit. Thus, in the frequency region 0 < ω < 2∆ g , ρ (1, ω) is of the form
In the remaining part of this section, we shall study how the weight A and the function B(ω) change as the interaction U . Firstly, it is easy to see that
In the thermodynamic limit L → ∞, we have
Therefore
Secondly, we consider the B(ω) term. Using the relations U k I j V k I ′ j = U k II j V k II ′ j = 0 and after straightforward algebra, we obtain that
Now we compute B(ω) in two limits, small U limit with |U | ≪ t and critical limit with |U | ≃ t.
In the small U limit with |U | ≪ t, for k I modes we have The factors A k I can be approximated as
Thus the summand becomes
The summation over k I modes can be replaced by the integral,
where n = 1, 2, · · · , L − 1. The summand becomes
So the contribution from k II modes can be neglected. The frequency dependence of B (ω) reads
(77) in the small U limit.
In the critical limit with U ≃ t, or equivalently |U − t| /t ≪ 1. Both k I and k II modes satisfy the equation sin k (L + 2) ≃ sin kL,
or equivalently sin k cos k (L + 1) ≃ 0,
which give rise to k = nπ or k (L + 1) = n + 1 2 π.
As the summand contain sin kL, only the latter k's contribute to the coefficient B (ω). The k-dependent term in the factor A k reads sin 2k (L + 1) sin 2k ≃ sin (2n + 1) π sin 2k = 0.
The factors A k can be approximated as
The summand becomes
Replacing the summation in coefficient B (ω) by integral, we have
